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COMPUTING GARSIA ENTROPY FOR BERNOULLI
CONVOLUTIONS WITH ALGEBRAIC PARAMETERS
KEVIN G. HARE, TOM KEMPTON, TOMAS PERSSON,
AND NIKITA SIDOROV
Abstract. We introduce a parameter space containing all alge-
braic integers β ∈ (1, 2] that are not Pisot or Salem numbers,
and a sequence of increasing piecewise continuous function on this
parameter space which gives a lower bound for the Garsia en-
tropy of the Bernoulli convolution νβ . This allows us to show
that dimH(νβ) = 1 for all β with representations in certain open
regions of the parameter space.
1. Introduction
Given β ∈ (1, 2), the Bernoulli convolution νβ is the weak∗ limit of the
measures νβ,n given by
νβ,n =
∑
a1...an∈{0,1}n
1
2n
δ∑n
i=1 aiβ
−i.
These give a simple family of overlapping self-similar measures and
have been the subject of intensive study since the 1930s. In particular,
the question of which parameters β give rise to measures which are
singular or which have dimension less than one has been extremely
well studied. Erdo˝s showed that Pisot numbers give rise to singular
Bernoulli convolutions [3], and Garsia showed that dimH(νβ) < 1 when
β is a Pisot number [4]. It remains unknown whether there are any
other parameters that give rise to singular Bernoulli convolutions.
Recent work of Hochman [9] showed that for algebraic β the dimension
of νβ can be given explicitly in terms of the Garsia entropy of β,
(1.1) dimH(νβ) = min
{
1,
H(β)
log(β)
}
.
The Garsia entropy H(β), defined in Section 2, is a quantity which
measures how often different words a1 . . . an give rise to the same sum∑n
i=1 aiβ
−i. It should be noted that the Garsia entropy is sometimes
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defined after normalizing by log(β). It follows from the definition that
if β is not a height 1 algebraic integer then H(β) = log(2), and hence
dimH(νβ) = 1. Very recently Varju has shown that if β is non-algebraic
then dimH(νβ) = 1 [10]. Thus the problem of understanding which pa-
rameters β give rise to Bernoulli convolutions of dimension less than
one has been reduced to one of understanding Garsia entropy for alge-
braic β. The following question is open:
Question 1.1. Is it the case that dimH(νβ) = 1 for all β ∈ (1, 2) with
at least one algebraic conjugate of absolute value larger than one?
In this article we are concerned with computational approaches to
H(β). This question was studied by Hare and Sidorov in [6, 7] and
it was shown that H(β) > 0.82 log(β) and so dimH(νβ) > 0.82. This
was done by giving lower bounds for H(β) which are piecewise con-
stant as a function of β ∈ (1, 2). With a view to Question 1.1, we look
instead for lower bounds on H(β) whenever β has a conjugate β2 of
absolute value larger than one, where the parameter β2 is used in the
computations. That is, we define the space
B := { (β1, β2) : β1 ∈ (1, 2), β2 ∈ C, |β2| ∈ (1, 2) }.
We say (β1, β2) ∈ B represents β if β = β1 and β2 is a Galois con-
jugate of β1. Thus algebraic β may have multiple representations in
the space B, and each β to which Question 1.1 applies has at least
one representation in B. We are able to construct piecewise constant
functions Ln : B → [0, log 2] such that Ln(β1, β2) ≤ H(β) whenever
β is represented by (β1, β2) ∈ B. We stress that in order to show
that dimH(νβ) = 1 using equation (1.1) we need only to show that
H(β) ≥ log(β), and so crude approximations to H(β) can be useful in
determining the value of dimH(νβ) exactly.
Using these ideas, we give two types of computational results later in
the paper. The first is to find open regions of B such that any algebraic
number with a representation in the open region must give rise to a
Bernoulli convolution of dimension one. If we were able to extend
our open regions to cover all of B this would answer Question 1.1. The
second set of computational results concerns studying specific algebraic
integers of small degree and proving that they have dimension one.
2. Bounds on Garsia Entropy using algebraic conjugates
To define the Garsia entropy H(β), first let
Hn(β) = −
∑
a1...an
1
2n
log
Nn(a)
2n
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where the sum is over all words a1 . . . an ∈ {0, 1}n and Nn(a, β) =
Nn(a) = Nn(a1 . . . an) is given by
Nn(a, β) = Nn(a) = #
{
b1 . . . bn ∈ {0, 1}
n :
n∑
i=1
aiβ
−i =
n∑
i=1
biβ
−i
}
.
Then the Garsia entropy is given by
H(β) := lim
n→∞
1
n
Hn(β).
We further have
Lemma 2.1. Let β ∈ (1, 2)
(1)
∑n
i=1 aiβ
−i =
∑n
i=1 biβ
−i if and only if
(2.1)
n∑
i=1
(ai − bi)β
n−i = 0.
(2) If β2 is a Galois conjugate of β then equation (2.1) holds if and
only if
n∑
i=1
(ai − bi)β
n−i
2 = 0.
(3) If |β| > 1 and
n∑
i=1
(ai − bi)β
n−i = 0
then for all m ≤ n,∣∣∣∣∣
m∑
i=1
(ai − bi)β
m−i
∣∣∣∣∣ ≤ 1|β| − 1 .
These ideas trace their origins to the work of Garsia in the 1960s, and
were proved for example in [1].
The utility of Lemma 2.1 lies in the fact that it allows us to simplify
the computation of Nn(a). Rather than checking all of the 2n words
b1 . . . bn to see whether
∑n
i=1 aiβ
−i =
∑n
i=1 biβ
−i, we need only check
those words b1 . . . bn such that for each m < n and for each Galois
conjugate βj of β, ∣∣∣∣∣
m∑
i=1
(ai − bi)β
m−i
j
∣∣∣∣∣ ≤ 1|βj| − 1 .
If β has no Galois conjugates of absolute value one then this allows one
to turn the question of Garsia entropy into one of the growth rate of
random products of a pair of finite matrices M0(β),M1(β), see [1]. To
get very good estimates of H(β), the approach using random products
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of matrices is effective, however the matrices are extremely large (and
hence expensive to compute) and grow very rapidly as the degree of
the minimal polynomial of β grows. Moreover, the function β 7→M(β)
is not continuous among algebraic β ∈ (1, 2), and so this approach is
not effective in proving that dimH(νβ) = 1 for all β in some region.
In this article we introduce an alternative approach to computation of
H(β) which combine the ideas of Lemma 2.1 with the ideas of [6, 7]
and [1]. Essentially our approach is to give a lower bound for H(β)
in terms of counting the number of words (ǫ1, . . . , ǫn) = (a1 − b1, a2 −
b2, . . . , an − bn) ∈ {−1, 0, 1}n for which we have that∣∣∣∣∣
m∑
i=1
(ai − bi)β
m−i
j
∣∣∣∣∣ ≤ 1|βj| − 1
for j = 1, 2. This lower bound depends only on (β1, β2), and hence is
defined as a function on B.
2.1. The real case. In this section, we will discuss the case of β1 ∈
(1, 2) where β1 has a real conjugate β2 with |β2| ∈ (1, 2). The modifi-
cations needed to deal with a complex conjugate or take advantage of
multiple conjugates are discussed in Section 2.2.
Let T0(x, y) = (x/β1, y/β2) and T1(x, y) = (x/β1 + 1, y/β2 + 1). Let
K :=
{ ∞∑
i=1
ai(β
−i
1 , β
−i
2 ) : ai ∈ {0, 1}
}
.
We then have K = T0(K) ∪ T1(K). One can easily check that the
following is true.
• If β2 > 1 then
K ⊂
[
0,
1
β1 − 1
]
×
[
0,
1
β2 − 1
]
.
• If β2 < −1 then
K ⊂
[
0,
1
β1 − 1
]
×
[
β−12
β22 − 1
,
1
β22 − 1
]
.
Define the region Iβ1,β2 by
Iβ1,β2 =
[
0,
1
β1 − 1
]
×
[
0,
1
β2 − 1
]
or
Iβ1,β2 =
[
0,
1
β1 − 1
]
×
[
β−12
β22 − 1
,
1
β22 − 1
]
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depending on whether β2 is positive or negative. From above we have
that K ⊂ Iβ1,β2. Define
mn = mn(β1, β2)
= max
(x,y)∈Iβ1,β2
#{ a1a2 . . . an : (x, y) ∈ Ta1 ◦ Ta2 ◦ . . . ◦ Tan(Iβ1,β2) }.
Finally, define the quantity Ln(β1, β2) by
Ln(β1, β2) := n log 2− log(mn).
Proposition 2.2. The sequence Ln(β1, β2) is supadditive,
(2.2) lim
n→∞
1
n
Ln(β1, β2) = sup
n
1
n
Ln(β1, β2)
and satisfies
1
n
Ln(β1, β2) ≤ H(β1) = H(β2).
Proof. We have that
mn ≥ Nn(a)
for all choices of a. This holds since if
∑n
i=1 aiβ
n−i =
∑n
i=1 biβ
n−i then
Ta1 ◦ . . . ◦ Tan(0, 0) = Tb1 ◦ . . . ◦ Tbn(0, 0),
and in particular
Ta1 ◦ . . . ◦ Tan(0, 0) ∈ Tb1 ◦ . . . ◦ Tbn(Iβ1,β2).
Thus we get the desired inequality for a by using (x, y) = Ta1 ◦ . . . ◦
Tan(0, 0).
To show that Ln(β1, β2) is supadditive we show that
mn+k ≤ mnmk.
Suppose that (x, y) is some pair for which the supremum in the defini-
tion of mn+k is achieved. Applying inverse maps gives
#{a1 . . . an+k ∈ {0, 1}
n+k : (Ta1 ◦ . . . ◦ Tan+k)
−1(x, y) ∈ Iβ1,β2} = mn+k.
But from Lemma 2.1 we have that for any a1 . . . an+k in the above set
it is also necessary that (Ta1 ◦ . . . ◦ Tan)
−1(x, y) ∈ Iβ1,β2. One can split
the above set and see
mn+k ≤ #{a1 . . . an ∈ {0, 1}
n : (Ta1 ◦ . . . ◦ Tan)
−1(x, y) ∈ Iβ1,β2}
× max
(w,z)∈Iβ1,β2
#{ an+1 . . . an+k :
(Tan+1 ◦ . . . ◦ Tan+k)
−1(w, z) ∈ (Iβ1,β2) }
≤ mnmk.
This implies that the quantity − log(mn) is supadditive, and hence that
Ln(β1, β2) is supadditive and that (2.2) holds.
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Furthermore, for each n the subadditive quantity Hn(β1) satisfies
Hn(β1) = −
∑
a1...an
1
2n
log
(
Nn(a)
2n
)
≥ −
∑
a1...an
1
2n
log
(mn
2n
)
= n log 2− logmn = Ln(β1, β2).
Thus, using (2.2), we have
H(β1) = lim
n→∞
1
n
Hn(β1) ≥ lim
n→∞
1
n
Ln(β1, β2)
= sup
n
1
n
Ln(β1, β2) ≥
1
n
Ln(β1, β2)
for any n ∈ N. 
Lemma 2.3. For any n ∈ N, the function Ln : B → [0, log 2] is piece-
wise constant.
Proof. We need only to show that mn(β1, β2) is piecewise constant. For
each collection {(a11 . . . a
1
n), . . . , (a
k
1 . . . a
k
n)} in the power set of {0, 1}
n,
the set of (β1, β2) for which the intersection
k⋂
i=1
T ia1 ◦ . . . ◦ T
i
ak
(Iβ1,β2)
is non empty consists of finitely many connected pieces. Since there are
finitely many elements of the power set of {0, 1}n, and since mn(β1, β2)
counts the greatest cardinality of any element of this power set for
which the above intersection is non-empty, we see that mn is piecewise
constant as a function of (β1, β2). Hence the result holds for Ln. 
Thus one can by a finite calculation give open regions Rn inside B with
positive Lebesgue measure such that the Bernoulli convolution νβ1 has
dimension one for all β1 with a representation (β1, β2) ∈ Rn.
Example 2.4. For β2 > 1.8 then m2 = 1, regardless of the value of
β1. This will imply that H(β1) ≥ log 2 and hence H(β1)/ log(β1) ≥
log(2)/ log(β1) > 1. Hence if β1 has a conjugate greater than 1.8 then
dimH(νβ1) = 1. That is, if β has a representation in (1, 2) × (1.8, 2),
then dimH(νβ1) = 1.
The function Ln is our main tool for giving lower bounds for H(β)
which hold for whole subregions of B. In the next subsection we show
how to deal with the case that β2 is complex. We also show how to get
better lower bounds using more Galois conjugates, this is useful when
there is a specific β that we wish to study.
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2.2. The complex and multiple conjugate case. In the previous
section, we discussed the case when the second conjugate was a real
number with absolute value greater than 1. These techniques can be
modified to any number k of (real or complex) conjugates βi with |βi| >
1. To do this we need to find regions analagous to Iβ1,β2 which bound
K and for Ta1 ◦ . . . ◦ Tan(K) where
K :=
{ ∞∑
i=1
ai(β
−i
1 , β
−i
2 , . . . , β
−i
k ) : ai ∈ {0, 1}
}
where the βi are real or complex conjugates of β1. Here
Ti(x1, . . . , xk) = (
x1
β1
, . . . ,
xk
βk
).
If βi is a real number, we see that this component ofK will be contained
in
[
0, 1
βi−1
]
if β > 1 or
[ β−1i
β2i−1
, 1
β2i−1
]
if β < −1. We have that this
component of Ta1 ◦ . . . ◦ Tan(K) is easily bounded in the obvious way.
If βi is a complex number, we bound both the real part of K and the
imaginary part of K. We see that
N∑
j=1
min(ℜ(β−ji ), 0)−
|βi|−N−1
|βi| − 1
≤
∞∑
j=1
min(ℜ(β−ji ), 0)
≤ ℜ(K) ≤
∞∑
j=1
max(ℜ(β−ji ), 0)
≤
∞∑
j=1
max(ℜ(β−ji ), 0) +
|βi|−N−1
|βi| − 1
and similarly for the imaginary component. To bound Ta1 ◦ . . .◦Tan(K)
fix the first n terms in the sums above and start the sum involving max
or min at n + 1.
From this we are able to define a region Iβ1,...,βk which is a product of
intervals and which bounds K. As before, we define
mn(β1, . . . βk) = max
(x1,...,xk)∈Iβ1,...,βk
#{ a1a2 . . . an :
(x1, . . . , xk) ∈ Ta1 ◦ Ta2 ◦ . . . ◦ Tan(Iβ1,...,βk) }
and
Ln(β1, . . . , βk) = n log 2− logmn.
The function 1
n
Ln is again piecewise constant on β1, . . . , βk and gives a
lower bound for H(β) when β = β1 is algebraic with Galois conjugates
β2, . . . , βk. The analogue of Proposition 2.2 holds for Ln(β1, . . . , βk).
Having extended our definition of β1, β2 to the complex case, we are now
able to give lower bounds for H(β) all across the region B. Looking
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at more than two Galois conjugates is also useful when studying a
specific β.
2.3. Further comments on Ln. We make several brief observations
about our methods for giving lower bounds for H(β) on regions of B.
Firstly we note that we are not able to deal with β1 = β2, since in
this case adding β2 does not give us any new information. If we use
only information about β1 then we are in the case of the papers [6,
7]. In that case mn relates to the supremum over x ∈ [0,
1
β−1 ] of the
number of sequences a1 . . . an for which
∑n
i=1 aiβ
−i ∈ [x − 1
βn(β−1) , x].
By the pigeon hole principle, some such interval will always contain
points corresponding to at least ( 2
β
)n sequences. Thus one cannot have
Ln(β) ≥ log(β).
Since this line β1 = β2 causes a particular problem for our techniques,
it would be useful to know whether the constant c in Theorem 5 of [2],
for which an approximate value of 0.44 was given, could be improved to
give a constant larger than 0.5. In that case one would automatically
have that algebraic β with Galois conjugate β2 of similar modulus to β
have dimension one, and so values close to the problematic line β1 = β2
would be solved by other methods.
Secondly we note that when using multiple conjugates of β1, it is not
useful to use both β2 and β2. The reason for this is that all calculations
involving these two terms are equivalent under complex conjugation,
and no new information is derived.
Finally, one might wonder how close the limit limn→∞ 1nLn(β1, β2) is to
H(β1). For this we draw analogy with the one-dimensional case. If we
were to ignore the restrictions on β2 in our calculations, as in [6, 7], then
the quantity analogous to Ln would be counting the maximal number
of level n intervals in the construction of the Bernoulli convolution that
cover any one point. Thus the quantity analogous to 1
n
Ln(β) converges
to the infimum of the local dimension of νβ. This point is explained
more carefully in [5].
In our case the attractor of our iterated function system {T0, T1} is
not self-similar but instead is self-affine. Dimension is a more delicate
matter for self-affine sets, but it is still useful to regard the difference
between H(β) and limn→∞ 1nLn(β1, β2) as analogous to the difference
between Hausdorff dimension and infimum of local dimension of a self-
affine measure. If β has more than one conjugate of absolute value
greater than one then the analogy breaks down, instead the correct
thing to do would be to do calculations involving all of the conjugates
of absolute value larger than one.
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3. Techniques for studying specific β
We begin with some observations which are useful if one wants to study
H(β) for some specific algebraic β.
Define rev and neg by
rev(a1a2 . . . an) = (anan−1 . . . a1),
neg(a1a2 . . . an) = (a˜1a˜2 . . . a˜n),
where a˜i = ai if i ≡ 0 mod 2 and a˜i = 1− ai if i ≡ 1 mod 2.
Lemma 3.1. Let β1 be an algebraic number with real conjugate β2.
Then
(1) Nn(a, β1) = Nn(a, β2).
(2) Nn(a, β1) = Nn(rev(a), 1/β1).
(3) Nn(a, β1) = Nn(neg(a),−β1).
Proof. We will do case (3) only. The rest are similar. Notice that the
map neg : {0, 1}n → {0, 1}n is a bijection. Hence
Nn(neg(a),−β1)
= #
{
b1 . . . bn ∈ {0, 1}
n :
n∑
i=1
a˜i(−β1)
−i =
n∑
i=1
bi(−β1)
−i
}
= #
{
b1 . . . bn ∈ {0, 1}
n :
n∑
i=1
a˜i(−β1)
−i =
n∑
i=1
b˜i(−β1)
−i
}
.
Since a˜i = ai if i is even and a˜i = 1− ai if i is odd we have
n∑
i=1
a˜i(−β1)
−i =
n∑
i=1
i≡1
(−β)−i +
n∑
i=1
aiβ
−i
1
and similarly for b. This shows that
∑n
i=1 a˜i(−β1)
−i =
∑n
i=1 b˜i(−β1)
−i
holds if and only if
∑n
i=1 aiβ
−i
1 =
∑n
i=1 bi(β1)
−i. Therefore
Nn(neg(a),−β1) = Nn(a, β1). 
Corollary 3.2. Let β1 > 1 be an algebraic number with real conjugate
β2. Then
(1) If β2 > 1 then Hn(β1) = Hn(β2).
(2) If 1 > β2 > 0 then Hn(β1) = Hn(1/β2).
(3) If 0 > β2 > −1 then Hn(β1) = Hn(−1/β2).
(4) If −1 > β2 then Hn(β1) = Hn(−β2).
Corollary 3.3. Let β1 > 1 be an algebraic integer, with real conjugate
β2. If
log(β1)/| log(|β2|)| < 0.82
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Minimal Polynomial β Lower bound for
H(β)/ log(β)
k used
x8 + x7 − x6 − x5 − x4 −
x3 − x2 + x+ 1
1.242051590 1.065898883 3
x8 − x6 − x4 − x2 + 1 1.312281908 1.020206004 5
x8 − x7 + x6 − x5 − x4 −
x3 + x2 − x+ 1
1.343719996 1.173068575 6
x8 − x7 − x6 + x5 − x4 +
x3 − x2 − x+ 1
1.487476001 1.045530520 7
Table 3.1. Non-hyperbolic algebraic integers where
H(β)/ log(β) > 1, proved by Section 2.
then H(β1)/ log(β1) > 1, and hence dimH(νβ) = 1.
Proof. This follows directly from Corollary 3.2 (1) and the fact that
Hn(β)/ log(β) > 0.82 for all β ∈ (1, 2) from [7]. 
Example 3.4. There are 5024 algebraic integers β1 ∈ (1, 2) of height
one with a conjugate β2 such that 1/|β2| ∈ (1, 2) is a Pisot number and
the minimal polynomial of β1 is at most degree 50. All of these β1, with
the exception of the golden ratio, satisfy the conditions of Corollary 3.3
and hence all of them, with the exception of the golden ratio, have
dimH(νβ1) = 1.
Conjecture 3.5. If β1 ∈ (1, 2), β1 6=
1+
√
5
2
, has a real conjugate β2
such that 1/|β2| is a Pisot number, then dimH(νβ1) = 1.
Example 3.6. These methods are also effective in the case of non-
hyperbolic β. For example, in Table 3.1 we list the 4 non-hyperbolic
polynomials dividing a height 1 polynomial of degree at most 8. The
third polynomial has 2 roots of modulus 1, 2 additional real roots and
4 additional complex roots. The others all have 4 roots of modulus 1,
and 4 additional real roots. These examples are not amenable to the
techniques of [1] because of the roots of modulus one, and yet a short
calculation shows that they all have dimension one.
4. Computational Results — Numeric
In this section we will discuss the case where β1 > 1 and a real conjugate
β2 with |β2| > 1. For many values of β1 and β2, a computation of degree
k for some fixed k actually proves value for mk for neighbourhood
(β1 − ǫ1, β1 + ǫ1) × (β2 − ǫ2, β2 + ǫ2). This will further show that for
this neighbourhood that the dimH(νβ) = 1.
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With this in mind, Figure 4.1 is a graph of points (β1, β2) such that if a
polynomial p(x) has roots “close to” β1 and β2 then dimH(νβ) = 1. We
have a large region [1, 2] × [1, 2] for which we know the dimH(νβ) = 1
by Corollary 3.3. An additonal subregion of [1, 2] × [1, 2] is given by
[8, Theorem 6.6] which we quote below. In Theorem 4.1, S1 is a curve
such that for all (β1, β2) on this curve we have for that any point
(x, y) =
∑
i ai(β
−i
1 , β
−i
2 ) has at most two expansions. Moreover any
point above this curve will have at most one expansion for any point.
This in turn implies that mk ≤ 2 for all k and hence for any points on
or above this curve that H(β1)/ log(β1), H(β2)/ log(β2) > 1. Stronger
results are also possible, although they are not as clean a description.
See [8] for more details.
Theorem 4.1. Let Pk(x) = x
k+1 − 2xk + 2. Let (β(k)1 , β
(k)
2 ) be the two
roots of Pk between 1 and 2, with β
(k)
1 < β
(k)
2 . Then
(1) For k ≥ 4 we have (β(k)1 , β
(k)
2 ), (β
(k)
2 , β
(k)
1 ) ∈ S1.
(2) For k ≥ 4, let β(k)1 ≤ β1 ≤ β
(k+1)
1 and β
(k)
2 ≤ β2 ≤ β
(k+1)
2 satisfy
Pk(β1)Pk+1(β2)− Pk+1(β1)Pk(β2) = 0.
Then (β1, β2), (β2, β1) ∈ S1.
(3) Let β
(4)
1 ≤ β1 < β2 ≤ β
(4)
2 satisfy
P3(β1)P4(β2)− P4(β1)P3(β2) = 0.
Then (β1, β2), (β2, β1) ∈ S1.
(4) We have β
(k)
2 → 1, β
(k)
1 → 2 as k → +∞.
We then computational check the remaining points in a 200× 200 grid
for each k from 3 to 10. Different colours are used for different k.
We have also indicated the curves coming from Corollary 3.3, starting
in the bottom left corner at (1, 1), and the curve from Theorem 4.1,
starting in the top left corner at (1, 2), on Figure 4.1.
A similar thing has been done in Figure 4.2, except that we consider
−2 < β2 < −1 instead. In theory it should be possible to find an
equivalent result to that of Theorem 4.1 for 1 < β1 < 2 and −2 < β2 <
−1, but this has not been done.
5. Computational Results — Symbolic
In this section we discussion some computational results using these
techniques for explicit algebraic integers. The techniques described
in Section 2.2, although useful in some situations, do not appear to
be computationally feasible in all situations. For example, there are
161 polynomials dividing a height 1 polynomial of degree at most 5.
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Figure 4.1. A region of (β1, β2) with βl > 1 for which
dimH(νβ) = 1.
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Figure 4.2. A region of (β1, β2) with βl > 1 for which
H(β1)/ log(β1) > 1.
Of these, 44 have a root in the interval (1, 2). Of these, 27 have an
additional root outside of the unit interval. By Corollary 3.3, we have
that 7 of these 27 polynomials have dimH(νβ) = 1. See Table 5.1.
Hence there are 20 algebraic integers for which we need to perform the
calculations from Section 2 to verify if dimH(νβ) = 1. Table 5.2 lists 10
algebraic integers for which we can prove dimH(νβ) = 1. We also list
the minimal value of k for which mk proved this result. The remaining
10 were not computable within a reasonable amount of time, and are
given in Table 5.3.
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Minimal polynomial β
x5 + x4 − x3 − x− 1 1.140755717
x5 − x4 − x2 − x+ 1 1.526261952
x4 + x3 − x2 − x− 1 1.178724176
x4 − x− 1 1.220744085
x4 − x3 + x2 − x− 1 1.290648801
x5 − x3 − x2 − x+ 1 1.369036944
x5 − x3 + x2 − x− 1 1.199957032
Table 5.1. Algebraic integers where dimH(νβ) = 1,
proved by Corollary 3.3.
Minimal Polynomial β Lower Bound for k used
H(β)/ log(β)
x5 + x4 − x3 − x2 − 1 1.159497778 1.058659998 3
x5 − x4 + x3 − x− 1 1.208327200 1.220951259 3
x5 + x3 − x2 − x− 1 1.143576973 1.072152018 4
x5 − x4 + x3 − x2 − x− 1 1.407589783 1.085939005 5
x5 − x3 − x2 + x− 1 1.282800135 1.113286936 5
x5 − x4 + x2 − x− 1 1.262775453 1.051036356 7
x4 − x2 − 1 1.272019650 1.045567350 7
x5 − x3 − x2 − 1 1.429108320 1.002083193 11
x4 − x3 − x2 + x− 1 1.512876397 1.034531845 12
x5 − x4 + x3 − x2 − 1 1.249851589 1.007870192 16
Table 5.2. Algebraic integers where dimH(νβ) = 1,
proved by Section 2.
For those that were not verfied in Table 5.3, it was quite often easier
to determine if the method could verify the result, than to actually
compute a lower bound for the Garsia entropy. If we could find a lower
bound for mk, sufficiently large so that Lk(β1)/(k log(β1)) < 1, then
we do not need to compute mk exactly. In particular, we need to find
a small region J ⊂ Iβ1 so that
m′k,J := max
(x,y)∈J⊂Iβ1,β2
#{ a1 . . . an : (x, y) ∈ Ta1 ◦ . . . ◦ Tan(Iβ1,β2) }
≤ mk
and where mk,J is sufficiently large to ensure Lk(β1)/(k log(β1)) < 1.
A good choice for J is a region determined for a lower degree problem
for which mk−1 was maximized.
In Table 5.3 we have provided a list of algebraic integers for which we
do not have a proof that dimH(νβ) = 1. In addition, we have listed
the maximal k computed such that we have an m′k sufficiently large so
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Minimal polynomial root k checked
x5 − x− 1 1.167303978 15
x5 − x4 − x− 1 1.497094049 16
x5 − x4 − x2 − x− 1 1.685137110 16
x5 + x4 − x2 − x− 1 1.123732821 17
x5 − x3 − 1 1.236505703 17
x5 − x2 − 1 1.193859111 18
x5 − x4 − x3 − x+ 1 1.680420070 18
x5 − x4 − x3 − x2 + x− 1 1.792402358 19
x5 − x4 − x2 + x− 1 1.403602125 20
x5 − x4 − x3 + x− 1 1.549906073 20
Table 5.3. Algebraic integers unverified by Section 2.2.
that log 2 − 1
k
log(m′k) < 1. Notice, in many cases this is much larger
than 16, which already proved to be computationally expensive.
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Appendix A. Additional data
Below we have listed additional algebraic integers which are known to
have dimension 1.
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x4 + x3 − x2 − x− 1 1.178724176 1.405128877 3 1 0
x4 − x2 − 1 1.272019650 1.045567350 7 1 0
x4 − x3 − x2 + x− 1 1.512876397 1.034531845 12 1 0
x5 + x4 − x3 − x− 1 1.140755717 2.631719064 2 1 0
x5 + x3 − x2 − x− 1 1.143576973 1.072152018 4 0 2
x5 + x4 − x3 − x2 − 1 1.159497778 1.058659998 3 0 2
x5 − x4 + x3 − x− 1 1.208327200 1.220951259 3 0 2
x5 − x4 + x2 − x− 1 1.262775453 1.051036356 7 0 2
x5 − x3 − x2 + x− 1 1.282800135 1.113286936 5 0 2
x5 − 2x3 + x2 − 1 1.298671204 1.326132548 4 1 0
x5 − x4 + x3 − 2x2 + x− 1 1.304077155 1.023776481 11 0 2
x5 − 2x4 + 2x3 − x2 − 1 1.361514755 1.084891761 5 0 2
x5 − 2x3 + x− 1 1.362598578 1.177162223 7 0 2
x5 − x4 + x3 − x2 − x− 1 1.407589783 1.085939005 5 0 2
x5 − x2 − 2x− 1 1.425299578 1.027722713 7 0 2
x5 − x3 − x2 − 1 1.429108320 1.002083193 11 0 2
x5 − x3 − 2x2 + 1 1.433752400 1.052631561 7 0 2
x5 − x4 − x2 − x+ 1 1.526261952 1.007921076 14 0 2
x5 − 2x3 − x2 + 1 1.541329181 1.068076510 6 1 0
x5 − 2x4 + 2x3 − 3x2 + 2x− 1 1.588021798 1.000469519 13 0 2
x5 − x4 − 2x2 + x− 1 1.648304090 1.008724627 11 0 2
x6 + x5 + x4 − x3 − x2 − x− 1 1.086286393 1.737947320 2 0 2
x6 + x5 − x2 − x− 1 1.094701857 1.059812686 3 1 0
x6 + x5 − x3 − x− 1 1.103920752 1.454877202 4 0 2
x6 + x5 − x4 + x3 − x2 − x− 1 1.104985396 3.471564011 2 1 2
x6 + x4 − x2 − x− 1 1.106213753 1.164030503 4 0 2
x6 + x5 − x3 − x2 − 1 1.113717827 1.393925500 6 1 2
x6 + x5 − x4 − x− 1 1.116359088 1.306783601 2 1 0
x6 + x3 − x2 − x− 1 1.119607589 1.273174501 4 1 2
x6 + x5 − x4 − x2 − 1 1.128471300 2.867470213 2 1 0
x6 + x5 − x4 − x3 + x2 − x− 1 1.130191687 1.175294268 2 0 2
x6 + x4 − x3 − x2 − 1 1.130685445 1.275547357 3 0 2
x6 − x5 + x4 + x3 − x2 − x− 1 1.139952112 2.645877549 2 0 2
x6 + x5 − x4 − x3 − 1 1.144859223 1.280933198 4 1 2
x6 − x4 + x3 − x− 1 1.157143622 1.028615183 6 1 2
x6 − x5 + x4 − x− 1 1.161508257 1.046410117 3 0 2
x6 + x5 − x4 − x3 − x2 + x− 1 1.162016359 2.308078863 2 1 2
x6 − x3 − 1 1.173984997 1.130608814 8 0 2
x6 − x5 + x4 − x2 − 1 1.185011697 1.048428069 6 0 2
x6 − x5 + x3 − x− 1 1.196720256 1.150819915 4 0 2
x6 + x5 − x4 − x3 − x2 − x+ 1 1.196902287 1.285485616 3 0 2
x6 − x3 − x2 + x− 1 1.198036253 1.085686119 5 1 2
x6 + 2x5 − x3 − 2x2 − 2x− 1 1.201840314 1.885048100 2 1 0
x6 − x4 + x3 − 2x2 + x− 1 1.204580524 1.861983535 2 1 0
x6 − x4 − 1 1.210607794 1.010704052 9 1 0
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x6 + x5 − x4 − x2 − x− 1 1.215348270 1.777020898 2 1 0
x6 − 2x4 + x3 + x2 − x− 1 1.226359719 1.201700901 4 1 2
x6 − x5 + x3 − x2 − 1 1.230598720 1.034053796 8 1 2
x6 − x4 − x2 + x− 1 1.243106605 1.336257193 4 1 0
x6 − x4 − x3 + x2 − 1 1.252073078 1.037843028 7 0 2
x6 − x5 − x4 + 2x3 − x− 1 1.253307761 1.123639053 5 1 2
x6 + x5 − x4 − 2x3 − x2 + 1 1.253978933 1.173796805 6 0 2
x6 + x5 − x4 − x3 − x2 − 1 1.255746956 1.014571959 3 1 0
x6 + x5 − x3 − x2 − 2x− 1 1.256878564 1.100329079 7 0 2
x6 − x5 + x4 − x3 − x2 + x− 1 1.257758205 1.007491908 6 0 2
x6 + x5 − 2x4 − 2x3 + x2 + x− 1 1.261731011 1.250782663 4 1 2
x6 − 2x4 + x3 − 1 1.264928766 1.474682028 2 1 0
x6 − x5 + x4 − 2x3 + x2 − 1 1.268774279 1.221533773 4 0 2
x6 − 2x4 + 2x2 − x− 1 1.276684770 1.142178112 6 0 2
x6 − x3 − 2x2 + 1 1.277705695 1.000576453 4 0 2
x6 − x3 − x− 1 1.278573634 1.017016098 9 0 2
x6 − x4 + x3 − x2 − x− 1 1.287769560 1.370334357 4 1 2
x6 − x4 − x3 + x− 1 1.291980321 1.084607333 9 1 2
x6 − x5 + x4 − x2 − x− 1 1.301513238 1.315131956 4 0 2
x6 − 2x5 + 2x4 − x3 − 1 1.313050001 1.135964598 6 0 2
x6 − 2x4 + x3 − 2x+ 1 1.333191185 1.011170101 4 0 2
x6 − x5 + x4 − x3 − x− 1 1.344025052 1.041927076 9 0 2
x6 − x4 − x2 − 1 1.356203066 1.098810137 5 1 0
x6 − x4 − x3 − x+ 1 1.357229594 1.070380875 6 0 2
x6 − x5 − x3 + x2 − 1 1.358859197 1.009489944 11 0 2
x6 − x4 − x3 + x2 − x− 1 1.368325047 1.067629913 5 0 2
x6 − x5 + x4 − 2x3 − x+ 1 1.390429141 1.150617865 7 0 2
x6 − x5 − x4 + x3 − 1 1.393125912 1.002119305 12 1 2
x6 − 2x4 − x3 + 2x2 − 1 1.397758814 1.178130249 6 0 2
x6 − x5 − x− 1 1.419632763 1.027676799 11 0 2
x6 − x5 − x2 − x+ 1 1.421096084 1.024182064 10 0 2
x6 − x5 − x3 + x− 1 1.421975014 1.009950269 11 0 2
x6 − x4 − x2 − x− 1 1.435128647 1.049835948 7 1 0
x6 − x4 − x3 − x2 + x− 1 1.440192847 1.017771327 5 1 2
x6 − x5 − x3 + x2 − 2x+ 1 1.446469022 1.098065893 8 0 2
x6 − 2x4 − x3 + x2 + x− 1 1.453645994 1.051688560 8 1 2
x6−2x5+2x4−x3−2x2+2x−1 1.454393326 1.110252753 5 0 2
x6 − x5 − 2x4 + 2x3 + x2 − x− 1 1.479140395 1.007815585 6 1 2
x6 − x4 − 2x3 − x2 + x+ 1 1.510053676 1.012972808 13 0 2
x6 − x3 − 2x2 − 2x− 1 1.515192321 1.016363639 10 0 2
x6−2x5+2x4−2x3+x2−2x+1 1.517321535 1.039022634 8 0 2
x6 − x5 + x4 − 2x3 − x− 1 1.519364105 1.006014908 11 0 2
x6 − x5 − x2 − x− 1 1.551532410 1.017570463 11 0 2
x6 − x5 − x3 − x2 + 1 1.563610696 1.003766923 13 0 2
x6 − 2x4 − x3 + 1 1.572381514 1.046031291 10 0 2
x6 − x5 − x4 + x3 − x2 − 1 1.584386797 1.004130111 9 1 0
x6 − x5 − 2x3 + x2 − x+ 1 1.596464085 1.025823246 13 0 2
x6 − x4 − x3 − 2x2 − x− 1 1.645411574 1.012282343 11 1 0
x6 − x5 − x3 − x2 − x+ 1 1.646414276 1.022737185 14 0 2
x6 − 2x4 − x3 − 1 1.654624184 1.032341790 8 1 0
x6 − x4 − 2x3 − 2x2 + 1 1.669406459 1.018344159 14 0 2
x7 + x6 + x5 − x3 − x2 − x− 1 1.066301621 1.247687838 9 0 2
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x7 + x6 + x5 − x4 − x2 − x− 1 1.070951231 2.098421561 2 0 2
x7 + x6 + x4 − x3 − x2 − x− 1 1.071307355 2.088292699 2 1 2
x7 + x6 + x5 − x4 − x3 − x− 1 1.075885144 1.966553676 2 0 2
x7 + x5 + x4 − x3 − x2 − x− 1 1.077680998 3.088416007 3 0 2
x7 + x6 + x5 − x4 − x3 − x2 − 1 1.081030560 1.230754793 3 0 4
x7 + x6 − x3 − x− 1 1.082509569 1.209530524 3 1 2
x7 + x6 − x5 + x4 − x2 − x− 1 1.083597183 4.316725088 2 1 2
x7 + x5 − x2 − x− 1 1.084235866 1.309166900 7 0 2
x7 + x6 − x3 − x2 − 1 1.088547738 1.130233215 3 0 4
x7 + x6 − x5 + x3 − x2 − x− 1 1.091153925 1.648876547 2 0 4
x7 + x5 − x3 − x− 1 1.091285464 1.448143678 5 0 2
x7 + x5 − x4 + x3 − x2 − x− 1 1.091987565 1.335245319 4 0 4
x7 + x4 − x2 − x− 1 1.092778878 1.621221184 4 0 2
x7 + x6 − x4 − x2 − 1 1.096790562 1.695755532 3 0 2
x7 + x6 − x4 − x3 + x2 − x− 1 1.097521952 1.545765853 2 1 2
x7 + x6 − x5 + x4 − x3 − x2 − 1 1.097674240 3.718855557 2 1 0
x7 + x5 − x3 − x2 − 1 1.098682547 1.018937549 3 0 2
x7 + x6 − x5 − x− 1 1.099287690 3.661153037 2 1 0
x7 + x4 − x3 − x− 1 1.101383016 1.143209265 6 1 2
x7 + x3 − x2 − x− 1 1.102344621 1.032325588 6 0 4
x7 − x6 + x5 + x4 − x2 − x− 1 1.104722291 3.479864742 2 0 2
x7 + x6 − x5 − x2 − 1 1.107787737 1.405177953 2 0 2
x7 + x6 − x5 − x3 + x2 − x− 1 1.108778349 3.356358138 2 1 2
x7 + x5 − x4 − x2 − 1 1.109147414 1.091860902 9 0 2
x7 + x6 − x5 − x4 + x3 − x− 1 1.109916080 1.585430811 5 0 2
x7 + x5 − x4 − x3 + x2 − x− 1 1.110187001 1.376094341 2 0 2
x7 + x6 − x4 − x3 − x2 + x− 1 1.114696676 1.324718661 2 0 4
x7 − x5 + x4 + x3 − x2 − x− 1 1.115615772 1.073984558 4 0 4
x7 − x6 + x5 + x4 − x3 − x− 1 1.115963490 1.311004960 2 0 2
x7 − x6 + x5 + x3 − x2 − x− 1 1.117427688 1.295522797 2 0 2
x7 + x6 − x5 − x3 − 1 1.118643122 3.091192968 2 1 0
x7 + x6 − x5 − x4 + x3 − x2 − 1 1.120066692 3.056521741 2 0 2
x7 + x5 − x4 − x3 − 1 1.120440312 2.031705219 3 0 2
x7 + x6 − x5 − x4 + x2 − x− 1 1.121389996 1.255497187 2 1 2
x7 − x3 + x2 − x− 1 1.125215056 1.293068222 7 1 2
x7 − x4 + x3 − x− 1 1.126961590 1.010799628 6 0 4
x7 − x6 + x5 + x4 − x3 − x2 − 1 1.127894109 1.195166758 2 0 2
x7 − x5 + x4 − x− 1 1.129046457 1.185111372 4 1 2
x7 + x6 − x5 − x3 − x2 + x− 1 1.129812145 1.178528600 2 2 0
x7 − x6 + x5 − x− 1 1.131578005 1.267404885 3 0 4
x7 + x5 − x4 − x3 − x2 + x− 1 1.132111164 1.862034846 3 0 4
x7 + x6 − x5 − x4 − 1 1.133239684 1.149987631 2 0 2
x7 + x6 − x4 − x3 − x2 − x+ 1 1.133530700 1.009312765 5 1 2
x7 − x6 + x4 + x3 − x2 − x− 1 1.136278060 1.125886188 2 0 2
x7+x6+x5−x4−x3−x2−x−1 1.139435073 1.101954977 2 0 2
x7 − x4 + x3 − x2 − 1 1.140428754 1.349284428 7 0 2
x7 − x4 + x2 − x− 1 1.142507688 1.079680371 4 0 2
x7 − x5 + x4 − x3 + x2 − x− 1 1.145399059 1.059578289 2 1 2
x7 − x6 + x5 − x2 − 1 1.146577656 1.208757394 5 0 2
x7 + x6 − x5 − x4 − x2 + x− 1 1.146643836 2.532705596 2 0 2
x7 + x6 − x5 − x4 − x3 + x2 − 1 1.148775336 1.037092421 2 1 2
x7 − x6 + x5 − x4 + x3 − x− 1 1.152020597 1.430264345 6 0 4
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x7 + x6 − x5 − x3 − x2 − x+ 1 1.152558233 2.440933738 2 1 2
x7 − x6 + x4 − x− 1 1.155781351 1.082135274 3 0 2
x7 + x5 − x4 − x3 − x2 − x+ 1 1.155987988 1.075040326 7 0 4
x7 − x6 − x5 − x4 + x2 + x+ 1 1.157928999 2.363543263 2 1 0
x7 − x5 + x4 − x3 − 1 1.162369822 1.041253284 3 1 0
x7 + x6 − x4 − x2 − x− 1 1.162646954 1.343121043 6 0 2
x7 + x6 − x5 − x4 − x3 + x− 1 1.164278600 1.030020765 3 0 4
x7+x6−x5+x4−x3−x2−x−1 1.164732890 2.272736183 2 1 2
x7 − x5 + x3 − x2 − 1 1.165939505 1.076914778 5 0 4
x7 + x6 − x5 − x4 − x2 − x+ 1 1.173195251 1.213655808 6 1 2
x7 − x6 + x5 − x4 + x2 − x− 1 1.175028295 1.216213906 5 0 4
x7 − x6 + x4 − x2 − 1 1.176523959 1.108221892 5 0 2
x7 − x4 − x3 + x2 − 1 1.180374079 1.402811264 5 0 2
x7 − x6 + x4 − x3 + x2 − x− 1 1.180663686 1.338618288 7 1 2
x7 − x5 + x4 − x3 − x2 + x− 1 1.181838074 1.211505600 6 0 2
x7 + x5 − x4 − x2 − x− 1 1.182021594 1.184276542 7 0 4
x7 − x3 − x2 − x+ 1 1.182611018 1.173713033 8 1 2
x7 + x6 − x4 − x3 − x2 − 1 1.184502931 1.144901859 6 0 4
x7 − x6 + x3 − x− 1 1.186016840 1.186440552 6 0 2
x7 − x6 + x5 − x3 − x2 + x− 1 1.188521915 1.003337078 4 0 2
x7 + x6 − x5 − x3 − x− 1 1.192227046 1.971150191 2 1 0
x7+x6−x5−x4+x3−x2−x−1 1.195033069 1.945142763 2 0 2
x7 + x5 − x4 − x3 − x− 1 1.196287061 1.289173370 3 0 2
x7 − x6 + x5 − x4 − 1 1.198730937 1.097755473 10 0 2
x7 − x4 − x3 + x− 1 1.201715214 1.257410664 6 0 4
x7−2x6+3x5−2x4+x3−2x2+
x− 1
1.202584413 1.878723408 2 0 2
x7 − x6 − x5 − x3 + x2 + x+ 1 1.203931094 1.244929296 3 2 0
x7−x6+x5− 2x4+2x3−x2− 1 1.205134338 1.038948406 6 0 4
x7 + x6 − x3 − 2x2 − x− 1 1.209038782 1.117367020 7 0 4
x7 + x5 − x4 − x3 − x2 − 1 1.209360510 1.087210153 4 0 2
x7−x6+2x5−3x4+2x3−3x2+
2x− 1
1.211318466 1.213451989 5 0 4
x7 − x4 − x2 − x+ 1 1.211749435 1.202972455 6 0 4
x7 + x6 − x5 − x4 − x3 − x2 + 1 1.212835270 1.270762203 4 1 0
x7−x6+x5+x4−x3−x2−x−1 1.212979911 1.794973416 2 0 2
x7 + x6 − x4 − x2 − 2x− 1 1.213489764 1.013775377 5 0 4
x7 − x6 + x3 − x2 − 1 1.213947773 1.108522322 9 0 4
x7 − x5 − x2 + x− 1 1.215028197 1.096529773 5 0 2
x7−2x6+3x5−3x4+2x3−x2−1 1.216048800 1.034765828 6 0 4
x7 − x5 + x4 − x3 − x2 − x+ 1 1.219020448 1.166633836 3 1 2
x7 − x5 + x4 − 2x3 + x2 − 2x+ 1 1.224376182 1.712053868 2 1 2
x7 + x6 − x5 − x4 − x2 − 1 1.224596299 1.710534883 2 0 2
x7 − x4 + x3 − x2 − x− 1 1.224982115 1.149717121 7 0 4
x7 − x6 + x5 − x4 − x2 + x− 1 1.225899836 1.132440148 10 0 2
x7− 2x6+2x5−x4+x3−x2− 1 1.227052631 1.129188934 3 0 2
x7+x6−x5−x4−x3+x2−x−1 1.227900349 1.688085758 2 1 2
x7 − x5 − x4 + x3 − 1 1.228375920 1.106649671 9 0 2
x7 − x6 + x5 − x3 − x2 − x+ 1 1.229257896 1.119365980 3 0 2
x7 + x5 − x3 − 2x2 − x− 1 1.231660480 1.176826151 4 0 2
x7 − x6 + x5 − x4 − x3 + x2 − 1 1.232680600 1.104487751 3 0 2
x7−x6+x5−2x4+2x3−2x2+x−1 1.234353925 1.032138435 8 0 2
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x7 − x6 + x5 − x2 − x− 1 1.238358083 1.360178831 4 0 2
x7 − x4 − x3 − x+ 1 1.240259501 1.012267396 9 1 2
x7 − x6 + x5 − 2x4 + x3 − 1 1.241948618 1.279568070 5 0 2
x7 − x6 − x5 + x4 + x3 − x− 1 1.243853880 1.108108993 6 0 2
x7 − x6 + x4 − 2x3 + x2 − 1 1.244397070 1.021189735 12 1 2
x7 − x6 − x5 − x4 + x3 + x2 + 1 1.244645147 1.055739399 3 1 2
x7 − x4 − x− 1 1.245640191 1.137842831 9 0 2
x7 − x6 + x3 − 2x2 + x− 1 1.246457664 1.067616579 8 0 4
x7 − x5 + x4 − x3 − x− 1 1.252691796 1.025541605 3 1 2
x7 − x5 − x4 + x3 − x2 + x− 1 1.258260853 1.508609444 4 0 2
x7+x6−x5−x4−x3−x2+x−1 1.259047695 1.504515338 2 0 2
x7 + x6 − x5 − x3 − x2 − x− 1 1.259248614 1.503473882 2 1 0
x7 + x6 − x4 − 2x3 − x2 − 1 1.262403036 1.108139404 7 0 4
x7 − x6 + x5 − x4 − x3 + x− 1 1.264486531 1.239154946 4 0 2
x7−2x6+2x5−x4+x3−2x2+x−1 1.265630582 1.421210690 5 0 2
x7 − x5 − x3 + x2 − 2x+ 1 1.265836596 1.470193952 4 1 2
x7 + x5 − x4 − x3 − x2 − x− 1 1.266085615 1.175174559 5 0 2
x7− x6 + x5− 2x4 +2x3− 3x2 +
2x− 1
1.266845854 1.036684871 4 0 2
x7−x6+x5−x4+x3−x2−x−1 1.269951514 1.059944964 6 0 4
x7 − x6 + x5 − x4 − x2 − x+ 1 1.274330662 1.044893882 6 0 4
x7 + x5 − x3 − 2x2 − 2x− 1 1.275865916 1.193586806 4 0 2
x7−x6+x5−2x4+x3−x2+x−1 1.276266656 1.036186875 11 0 2
x7 − 2x6 + 2x5 − x4 − 1 1.277357579 1.112101194 8 0 4
x7 − x6 − x4 + x3 + x2 − x− 1 1.279678671 1.179144690 8 0 4
x7 − x6 + x4 − x2 − x− 1 1.280172757 1.177301812 4 0 2
x7 + x6 − x5 − x4 − x2 − x− 1 1.280428995 1.121619277 5 0 2
x7 − x6 + x5 − x3 − x2 − 1 1.284174665 1.014337483 5 0 2
x7+x6−x5−x4−x3−x2−x+1 1.285037345 1.381939701 4 1 2
x7 − x6 − x5 + x4 + x3 − x2 − 1 1.287992747 1.165531004 9 0 4
x7−2x6+3x5−3x4+2x3−3x2+
2x− 1
1.288028971 1.369243876 4 0 2
x7 − x4 − x3 − 1 1.288452726 1.046335506 7 0 2
x7 + x6 − x4 − x3 − 2x2 − x− 1 1.289444523 1.154542346 6 0 2
x7 − x6 + x4 − x3 − x2 − x+ 1 1.289552810 1.316560017 5 1 2
x7−2x6+2x5−2x4+2x3−x2−1 1.294911001 1.115927184 7 0 4
x7 − x5 − x3 − x+ 1 1.295075181 1.124604982 4 1 0
x7 − x5 − x4 + x− 1 1.299502264 1.170949429 8 0 2
x7 − x6 + x4 − 2x3 + x2 − 2x+ 1 1.299986735 1.158606618 5 1 2
x7 − x6 − x5 + x4 + x2 − x− 1 1.302447119 1.064041646 8 1 2
x7 − x5 − x4 + x3 − x2 − x+ 1 1.306956342 1.086240503 4 0 2
x7 − x5 − x2 − 1 1.307395463 1.015662915 8 0 2
x7 − x4 − x3 − x2 + x− 1 1.308903231 1.012346251 7 0 4
x7 − x6 − x4 + 2x3 − 2x2 + x− 1 1.310462366 1.025441400 5 0 2
x7−x6+x5−2x4+x3−2x2+2x−1 1.312679849 1.016726837 8 0 4
x7 + x6 − x5 − x4 − x3 − x2 − 1 1.313387319 1.271318643 4 0 2
x7 − x5 − x3 + x2 − x− 1 1.314563603 1.063190686 4 1 2
x7 − x6 + x5 − x4 − x3 − x+ 1 1.316476837 1.019194942 7 0 2
x7−2x6+3x5−4x4+3x3−2x2+
x− 1
1.318164603 1.100364909 5 0 2
x7−x6+x5−x4−x3+x2−x−1 1.333305953 1.163851416 5 0 2
x7 − x5 + x4 − x3 − x2 − x− 1 1.335133019 1.006078159 4 1 2
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x7 + x6 − x4 − 2x3 − x2 − 2x− 1 1.339150443 1.040850305 5 1 2
x7 − x6 + x4 − x3 − x2 − 1 1.340565256 1.078636345 7 0 2
x7 − x5 − x4 − x3 + x2 + x− 1 1.344312798 1.104460443 10 0 4
x7−2x6+2x5−2x4+2x3−2x2+
x− 1
1.348127748 1.003991864 14 0 2
x7 − x4 − x3 − x− 1 1.348447731 1.092896339 7 0 2
x7 − x5 − x4 − x+ 1 1.348882125 1.025029321 8 1 2
x7 − x5 − x4 + x3 − x2 − 1 1.349759808 1.116257190 5 0 2
x7 − x6 + x5 − x4 − x3 − x2 + 1 1.350116665 1.236744569 5 0 2
x7 + x6 − x4 − 2x3 − 2x2 − x− 1 1.350276728 1.022013237 11 0 2
x7 − x6 + x5 − x3 − x2 − x− 1 1.351310602 1.233113591 5 0 2
x7 − x6 − x2 − x+ 1 1.354495542 1.022588308 10 0 4
x7−x6−x4+2x3− 3x2+2x− 1 1.354655221 1.141746159 4 0 2
x7 − x3 − 2x2 − x− 1 1.359044907 1.039836150 9 0 4
x7 − x6 + x5 − x4 − x3 − 1 1.360334365 1.087949549 5 0 2
x7 − x6 − x− 1 1.365254707 1.003661329 10 0 2
x7−2x6+3x5−4x4+3x3−3x2+
2x− 1
1.365710668 1.048987436 6 0 2
x7 − 2x6 + 2x5 − 2x4 + x3 − 1 1.368523205 1.067137134 10 0 4
x7 − x4 − x2 − 2x− 1 1.372585389 1.119814540 8 0 4
x7 − x6 + x5 − 2x4 + x3 − x2 − 1 1.374483639 1.027392297 10 0 2
x7−x6+x5−x4−x3−x2+x−1 1.387902320 1.132602126 5 0 2
x7 − x6 − x4 + x2 − 1 1.388943910 1.034961581 9 0 2
x7 − 2x6 + x5 + x3 − 2x2 + x− 1 1.389920162 1.064828077 7 0 4
x7 − x6 + x5 − x4 − x2 − x− 1 1.392255115 1.027514619 9 0 4
x7 − x5 − x4 − x3 + x2 − x+ 1 1.392321028 1.121724556 5 1 2
x7 − x5 − x3 − x2 − x+ 1 1.397497283 1.000335557 5 1 2
x7 − x3 − 2x2 − 2x− 1 1.398017452 1.131927030 7 0 2
x7 − x5 − x3 − x− 1 1.399280490 1.097841508 6 1 0
x7 − x6 − x5 + x4 − x2 + x− 1 1.407916285 1.013044869 10 0 2
x7−x6−x5+x4+x3−x2−x−1 1.409578787 1.009562335 6 0 2
x7 − x5 − x4 − x2 + x− 1 1.411071113 1.207752085 5 0 2
x7 − x6 + x4 − x3 − x2 − x− 1 1.411169376 1.077930995 5 0 2
x7 − x5 − x4 + x3 − x2 − x− 1 1.411545911 1.005477734 6 0 4
x7 − x6 − x4 + x3 − 2x2 + 2x− 1 1.416443982 1.059397846 6 0 2
x7 − 2x6 + x5 − 1 1.417796751 1.048361540 9 0 2
x7 − x5 − x3 − x2 − 1 1.420406586 1.027892507 12 0 2
x7 − x5 − x4 − x3 + 1 1.423078705 1.014091715 11 1 0
x7−x6+x5−x4−x3−x2−x+1 1.426692249 1.044746189 5 0 2
x7 − x6 − x5 + x4 − x3 + x2 − 1 1.430041555 1.041444960 8 1 0
x7 − 2x6 + 2x5 − x4 − x2 − 1 1.438950537 1.142820134 5 0 2
x7 − x5 − x4 − x3 + x− 1 1.448117862 1.025206487 10 0 4
x7 − x6 − x3 − x2 + 1 1.448192854 1.024145519 7 0 2
x7 − x6 + x5 − x4 − x3 − x2 − 1 1.449249117 1.022133085 7 0 2
x7 − x6 − x4 + x2 − 2x+ 1 1.452309654 1.112566748 7 1 2
x7 − x4 − 2x3 − x2 − 1 1.453806111 1.058524741 7 0 2
x7 − x5 − x4 − x3 + x2 − x− 1 1.476090387 1.066161415 7 1 2
x7 − x6 − x4 − x2 + 2x− 1 1.479047209 1.046796247 12 0 4
x7 − x6 − x4 + x2 − x− 1 1.482141580 1.030079665 8 0 2
x7 − x5 − x4 − x3 − x+ 1 1.482283581 1.002380035 6 1 2
x7−2x6+2x5−2x4+x3−2x2+
2x− 1
1.482871975 1.058545277 9 0 2
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x7 − x4 − 2x3 − x2 − x− 1 1.488921646 1.006205155 11 0 2
x7 − x6 − x4 − x3 + x2 + x− 1 1.499563373 1.048703887 6 0 2
x7 − x6 − x4 + x3 − 2x2 + x− 1 1.499651175 1.000225829 8 0 2
x7 − x5 − x3 − x2 − 2x− 1 1.503085486 1.042666724 6 1 2
x7 − x6 − x5 + x3 − x2 + x− 1 1.518682422 1.036793370 8 0 2
x7 − x5 − x4 − x3 − x2 + x− 1 1.520217982 1.014453243 6 0 4
x7−x6−x5+x4−x3+x2−x−1 1.524124836 1.008274781 6 1 2
x7 − x5 − x4 − x3 − x2 − x+ 1 1.547620051 1.006647233 13 1 2
x7−2x6+2x5−3x4+2x3−x2+
x− 1
1.554431412 1.027765933 10 0 2
x7 − x5 − x4 − x3 − x2 − 1 1.557961328 1.011961294 13 0 2
x7 − x6 − x4 − x3 + x2 − 1 1.567990257 1.000252790 8 0 2
x7 − x6 − x5 + x4 − x2 − x− 1 1.568653848 1.028143801 10 0 2
x7 − x6 − x3 − x2 − x− 1 1.579929406 1.038977479 13 0 2
x7 − x6 − x5 + x4 − x3 − x2 + 1 1.581333455 1.010821232 14 1 2
x7 − 2x6 + x5 − x2 − 1 1.589530584 1.012382444 8 0 2
x7 − x4 − 2x3 − 3x2 − 2x− 1 1.597035908 1.002195652 8 0 2
x7 − x5 − x4 − 2x3 − x2 + 1 1.598947178 1.022426397 13 1 2
x7 − x6 − x4 − x3 + x− 1 1.599467343 1.011680606 11 0 2
x7− 2x6 + x5 − x4 +2x3− 3x2 +
2x− 1
1.604173077 1.001306218 12 0 2
x7−2x6+2x5−3x4+2x3−x2−1 1.634008624 1.001896331 8 0 4
x7−x6−x5+x4−x3−x2−x+1 1.637584428 1.010814434 10 1 2
x7 − 2x6 + x5 − x3 − x+ 1 1.648880573 1.008019297 11 0 2
x7 − x5 − 2x4 − x3 − x2 + 1 1.649520149 1.019102903 12 0 2
x7 − x5 − 2x4 − x3 − x− 1 1.664596001 1.000907960 12 0 2
x7 − x5 − x4 − 2x3 − x2 − 2x− 1 1.683155923 1.006644026 13 1 2
x7 − x6 − x5 − x3 + x2 − x+ 1 1.700705410 1.004043037 13 1 0
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